A new class of Weyl invariant backgrounds are presented in terms of the metric G µν and the anti-symmetric Kalb-Ramond fields B µν . The ten-dimensional spacetime is a product of four-dimensional flat spacetime and curved six-dimensional spacetime having nonvanishing Ricci tensors. The non-vanishing Kalb-Ramond field strengths cannot be written globally as H = dB, being of the monopole type. Nevertheless they define homogeneous spacetime with no singularity.
Introduction
In the string theory the background spacetime cannot be arbitrarily assigned. For the consistency of the theory the Weyl invariance has to be maintained. At low energies the spacetime is described in terms of the metric G µν , the anti-symmetric Kalb-Ramond fields B µν , and the dilaton field Φ. In the background the trace of world-sheet energy momentum tensors is cast in the form
which must vanish to maintain the Weyl invariance. Here 1/(2πα ′ ) and g ab are the string tension and the world-sheet metric. ǫ ab is the two-dimensional antisymmetric tensor. R is the scalar curvature of the spacetime. Callan et al. [1] have shown that the condition for having vanishing beta functions in the critical dimension D = D c leads to
This set of the equations can be derived from the action We shall see below that in one of the examples extra dimensions are compact and there appears high symmetry between the spacelike and timelike dimensions.
Consistency conditions
We shall impose another constraint to set up the analysis. We restrict ourselves to configurations with a constant dilaton field Φ =constant. It seems very difficult to have configurations with spatially varying Φ when extra-dimensional spacetime is compact.
With this restriction imposed the consistency conditions (1.2) reduce, to O(α ′ ), to
The last equality implies that, if the extra dimensions are all spacelike, i.e. the signature of the metric is all positive, all components of H µνλ 's vanish so that the resultant space is Ricci flat. We shall consider more general spacetime.
The metric of six dimensional spacetime is written as
where e a 's (a = 1 ∼ 6) are tetrad 1-forms. η ab is a diagonal matrix, whose elements are either +1 or −1. In all of the Weyl invariant spacetime discussed bellow det (η ab ) is −1.
The spin connection 1-forms are defined by de a + ω a b ∧ e b = 0. The curvature 2-forms are then given by R ab = dω ab + ω a c ∧ ω cb , whose components are Riemann tensors; 
(2.5) * denotes Hodge dual. We note that the B-fields are gauge fields for closed strings.
The theory is invariant under a gauge transformation B → B + dΛ where Λ is a 1-form gauge function. Just like the monopole fields in the electrodynamics in three spatial dimensions, the potential B need not be defined globally. The field strengths H must satisfy (2.5).
Example I. SU (2) ⊗ SU (2)
A nontrivial Weyl-invariant background is obtained by considering a product of two three-spheres (S 3 ). Let us first recall some properties of a manifold S 3 . S 3 is isomorphic to a group manifold SU(2). The relationship is most easily established by the correspondence
In terms of σ j 's the metric of S 3 or SU(2) is given by ds 2 = 3 j=1 σ j ⊗ σ j . Now we prepare two sets of SU(2);
The metric of the six-dimensional manifold, SU(2) ⊗ SU(2), is written as
or equivalently,
Curvature 2-forms are given by
Ricci tensors are found to be
The scalar curvature R = (Ricci) a a vanishes. The length scale, L, in the metric has been set to be unity. Every quantity scales with L with an appropriate power.
We need to find 3-form field strengths H satisfying (2.3) and (2.5). In this connection it is very fruitful to recall how special configurations in non-Abelian gauge theory in four dimensions arise. They might have been realized in the early universe. If the universe is described by the Robertson-Walker metric with k = +1, namely with a spatial section S 3 , then there appears a natural mapping in the configurations of SU (2) gauge fields. The 1-form gauge potential takes the form 
as straightforward calculations show. It therefore automatically solves d( * H) = dH = 0.
The symmetrized version
The configuration H 0 solves almost all of the consistency equations except it gives a wrong sign for S ab .
We next consider the following self-dual or anti-self-dual configuration;
It follows from (3.2) that dH ± = 0. We have 
As H 0 is self-dual, the interference term occurring in S ab for the case (ii) vanishes. 
The corresponding Maurer-Cartan 1-forms satisfy
The metric of the manifold SL(2, R) is given by
We prepare two sets of SL(2, R) whose Maurer-Cartan 1-forms are denoted by {σ j } and {ρ j }. The metric ds 2 = η ab e a ⊗ e b of the six-dimensional manifold, SL(2, R) ⊗ SL(2, R), is given by e j = σ j , e j+3 = ρ j (j = 1, 2, 3) and 
Again these H's cannot be written globally as H = dB. S ab for these configurations is exactly given by the right hand side of (4.5), solving (2.3).
The gauge potential B (jk) = σ j ∧ ρ k yields anti-self-dual field strength; * (dB (jk) ) = −dB (jk) . However, a configuration of the type B 0 = 3 only. We remark that the manifold SO(2, 2) is isomorphic to SL(2, R) ⊗ SL(2, R).
5. Example III. SU (2) ⊗ SL(2, R) and SU (2) ⊗ SL(2, R)
The third example is given by a product of SU(2) and SL(2, R). Let {σ j } and {ρ j } be Maurer-Cartan forms of SU(2) and SL(2, R), respectively. The metric is given by 1) or equivalently e j = σ j , e j+3 = ρ j (j = 1, 2, 3) and η ab = diag (1, 1, 1, 1, −1, 1) . The curvature 2-forms are given by (3.5) so that 1, 1, −1, 1, −1) .
This time again B (jk) = σ j ∧ρ k yields anti-self-dual field strengths; * (dB (jk) ) = −dB (jk) .
The fourth example is obtained by flipping the signature of the third example, namely by SU(2) ⊗ SL(2, R). The curvature 2-forms are given by (4.4) , whereas the Ricci tensors turn out the same as (5.2). The Kalb-Ramond field strengths must be H = H ± = e 1 ∧ e 2 ∧ e 3 ± e 4 ∧ e 5 ∧ e 6 . B (jk) = σ j ∧ ρ k yields self-dual field strengths on the manifold; * (dB (jk) ) = +dB (jk) .
6. Other group manifolds: SO(4) and SO(3, 1)
It may be worth clarifying why the manifolds SO(4) and SO(3, 1) are not Weyl invariant. The manifold SO(4) is locally isomorphic to SU(2) ⊗ SU(2). The metric is given, in terms of the σ j 's and ρ j 's in Section 3, by ds 2 = 3 j=1 (σ j ⊗ σ j + ρ j ⊗ ρ j ) instead of (3.3), which leads to (3.6) and nonvanishing scalar curvature R = 3. Hence the condition (2.4) cannot be satisfied. A varying dilaton field Φ(x) may give a nontrivial solution to (1.2). It, however, is difficult to have such Φ on a compact manifold.
The situation is similar for the manifold SO(3, 1) . This manifold is of special in- The manifold SO(3, 1) is isomorphic to SL(2, C) whose complex Maurer-Cartan 1-forms are denoted by σ k + iρ k (k = 1, 2, 3). They satisfy
The metric is
Although it has the same form as (3.3), its content is quite different. With tetrads e j = σ j , e j+3 = ρ j (j = 1, 2, 3) curvature 2-forms are given by The first example of the Weyl invariant spacetime, SU(2) ⊗ SU (2), has many interesting properties. First of all the manifold is compact. Secondly there is one parameter family of Weyl invariant spacetime on this manifold. H is given by (3.11) . It is interesting to know the relevance of the parameter β in (3.11) . The configuration H 0 in (3.7)
bridges the two SU(2) manifolds. Thirdly there is accidental symmetry of the manifold, namely symmetry under the interchange of the two SU(2)'s. Fourthly a six-dimensional flat spacetime with three timelike dimensions has Majorana-Weyl spinors.
Motivated by the string theory, we have investigated Weyl invariant spacetime in general framework. It would be of great interest to know if the Weyl invariant spacetime discussed in the present paper has applications in physics. We hope to come back to this point in near future.
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